Abstract. In this paper, we show for the first time how to relate n-dimensional cubes on which ABS equations hold to the symmetry group of discrete Painlevé equations. We focus here on the reduction to the q-discrete third Painlevé equation, which is a dynamical system on a rational surface of type A
Introduction
We present a geometric method to obtain discrete Painlevé equations from higher-dimensional integrable discrete systems. Geometrically, symmetry groups of discrete Painlevé equations are affine Weyl groups, orthogonal to the divisor class of their initial value space in the Picard lattice [14, 16] . Higher dimensional discrete integrable systems arise from an entirely different geometric point of view, namely as multi-dimensionally consistent systems embedded on a hypercube, often referred to as consistency around a cube [13, 1, 2] . Unlike previous studies which have performed reductions of such equations via methods suited to specific examples [12, 8, 10, 9, 7, 15] , we give a more general geometric construction, which provides affine Weyl groups of discrete Painlevé equations.
Multi-dimensionally consistent equations, with copies of the same equation holding on each face of a 3-dimensional cube, were classified by Adler et al [1] . The results are called ABS equations. Boll [4] extended these results to asymmetric 3-dimensional cubes, where equations on different faces may differ [3, 6] . These results were further extended to 4-dimensional cubes with the exception of asymmetric systems that incorporate H 6 -type equations [6] . We construct a 4-dimensionally consistent system that does incorporate H 6 -type equations and show its relation to the A
5 -surface q-Painlevé system. Below, for conciseness, we refer to the n-dimensional cube as the n-cube.
This work is motivated by our previous findings [11] , where quad-equations were observed on what is called the ω-lattice, constructed from the τ -function theory of the A 5 -surface q-Painlevé system. The present paper begins with a system of quad-equations and travels in the opposite direction to obtain the q-Painlevé system, by reducing a 4-cube. The plan of the paper is as follows. In section 2, we construct an asymmetric system of consistent quad-equations i on a 4-cube by fitting eight 3-cubes in a self-consistent way. In section 3, the reductions of this system are given. We show how to obtain A (1)
5 -surface q-Painlevé system by imposing a (1,1,1)-periodic condition along a symmetric 3-cube inside of the asymmetric 4-cube. An example with different step-length is also given. The latter example shows that our approach also includes previous periodic-type reductions on a 2D lattice. Finally, the paper ends with a conclusion.
Equations on an asymmetric 4-cube
To construct a 4-cube, we need four lattice directions l, m, n, k and four lattice parameters α(l), β(m), γ(n), λ(k). Let the dependent variable be x = x(l, m, n, k) and denote its shifts in each direction respectively bȳ
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2.1. Symmetric 3-cube C 312 . We start with the H3 quad-equation (2.2a) on a face of the 4-cube given by the l, n directions, where x = x(l, n),
We construct a symmetric system of equations (2.2a)-(2.2f) on a 3-cube by taking autoBäcklund transformations of equation (2.2a):
where x 2 denotes the auto-Bäcklund transformation of x with Bäcklund parameter β. We denote this 3-cube by C 312 . See Figure 2 .1a.
In this system we have four initial values x, x 1 , x 2 , x 3 ; and three quadequations (2.2a)-(2.2c), adjacent to the vertex x. Vertices x 12 , x 13 , x 23 are evaluated using the initial conditions and equations (2.2a)-(2.2c). x 123 can then be evaluated using equations (2.2d)-(2.2f). 3D consistency of the system means that x 123 evaluated by these three equations coincide. This is true in n-dimensions, i.e., it is multi-dimensionally consistent and hence it can be embedded on an n-cube. It is this remarkable fact we are going to utilise in deriving discrete Painlevé equations as periodic reductions on an n-cube. However, note that multi-dimensional consistent systems are not limited to systems with the same equation on all the faces.
i We use the term quad-equation throughout the paper to describe partial difference equations that relate the values the solution on the vertices of a quadrilateral. 2.2. Asymmetric 3-cube C 134 . Now consider a non-auto Bäcklund transformation of (2.3a) giving rise to different equations on different pairs of faces on the 3-cube. Here, we use Equations from Boll's classification of asymmetric 3-cubes [5] ((3.29)-(3.30) with δ 2 = δ 3 = 0). The 3-cube contains two H 4 type (H3) equations on the "Q" faces and four H 6 type equations for the"A" and "C" faces.
where x 4 denotes the non-auto Bäcklund transformation of x and η 1 = α γ. The parameter δ 1 initially is a function of l, m, n and k, to be specified by the consistency conditions as we construct the 4-cube. Equations (2.3a)-(2.3f) make up the six quad-equations consistent on an asymmetric 3-cube. We denote this 3-cube by C 134 , see Figure 2 .1b. Note that in obtaining Equations (2.3d)-(2.3f) we have used
Each of the above constructions can be repeated to obtain two more 3-cubes labelled C 214 and C 324 . C 214 is obtained in the same way as C 134 by replacing subscript 3 with 2 everywhere, with the condition η 2 = γ β. C 324 is obtained from C 214 by replacing subscript 1 with 3 everywhere, with the condition η 3 = α β. In obtaining these two 3-cubes, we have imposed the following conditions
Equations (2.4) and (2.5) imply that
where K is an arbitrary function of k. We extend the above construction to four dimensions in the following way. The cube C 3124 is obtained by shifting C 312 in the k direction, C 1342 by shifting C 134 in the m direction, C 2143 by shifting C 214 in the n direction and C 3241 by shifting C 324 in the l direction. In summary, there are four 3-cubes adjacent to x(l, m, n, k), namely, C 312 , C 134 , C 214 and C 324 and four 3-cubes adjacent to x 1234 , namely C 3124 , C 1342 , C 2143 and C 3241 . These four 3-cubes are all 3D consistent under the conditions (2.4) and (2.5). Hence, we have eight three dimensionally consistent 3-cubes fitted consistently in a 4-cube. See Figure 2 .2a.
The result contains two Bäcklund transformations, i.e., Equations (2.2f)-(2.3f), of the equation on the bottom face of the 4-cube, namely Equation (2.2). The permutability of these two Bäcklund transformations provides a system of 24 quad-equations, which can be embedded consistently on the 24 faces of the 4-cube. By construction, the system of equations on this 4-cube is four dimensionally consistent [6] .
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x 1234 x 24 (b) The 3-cube C 214 is shaded pink and its tetrahedron equation is on the red vertices. Equation We apply a periodic condition on the asymmetric 4-cubễ
where λ is only a function of k and ○ λ = qλ. We call this a (1,1,1)-reduction of the 4-cube. We have the following conditions on the lattice parameters in the l, m, n directions:ᾱ α =β β =γ γ = q, which are solved by α(l) = e α 1 q l , β(m) = e β 1 q m , γ(n) = e γ 1 q n . The periodic condition (3.1) enables us to evaluate x(l, m, n, k) at any point in the lattice defined by the three directions l, m, n, using the initial conditions x, x 1 , x 2 , x 3 and the quad equations (2.2a)-(2.2c). To show that the reduced 4-cube can be extended also in the k direction, i.e., we can embed the reduce 4-cube in a four dimensional lattice, we derive the expression relating iteration of x(l, m, n, k) in the k direction (i.e., x 4 ) with iterations in two of the l, m, n directions, (for example x 1 and x 2 ).
On the asymmetric 3-cube C 214 , shaded pink in Figure (2.2b) , we have six equations for its six faces:
2a)
A(x, x 2 , x 4 , x 24 ; δ 3 ) = xx 4 + x 2 x 24 + δ 1 βγ −1 xx 2 = 0, (3.2b)
From (2.2b), (3.2b) and (3.2e), we find
(This follows from the tetrahedron property [1] and by "summing" the threeleg forms of the equations on the faces adjacent to x 2 .) Moreover, from the face shaded blue in Figure 2 .2b on which holds the equation for x 12 , x 124 , x 1234 , and x 123 we have another expression for x 124 :
where we have used the periodic condition (3.1) in rewriting the last equation. Using (3.4) to eliminate x 124 in (3.3), we finally have
Relation to q-Painlevé equations
In this section, we identify q-Painlevé equations from the (1,1,1)-reduction of the 4-cube described in §3. Observing that the reduction collapses the 3-cubes C 312 and C 3124 in Figure 2 .2b to two copies of a hexagon, which can be extended everywhere in the triangular lattice, we find the affine Weyl group W A = a 2 , our q-periodically reduced system on the asymmetric 4-cube is exactly the ω-lattice constructed from the τ -function frame work of A
5 -surface q-Painlevé system [11] . Results from [11] are reproduced in Appendix A to show that iterations of ω in the l, m, n and k direction give rise to the affine Weyl group W (A 2 + A 1 ) (1) . Figure 4 .1 shows the vertices of the 4-cube now relabeled in ω variables. The quad-equations on the faces adjacent to ω are:
The expression relating ○ ,¯andˆdirections is given by transforming Equation (3.5) to ω variables: Using the factω = ω, we see that the inner 3-cube in Figure 4 .1 collapses to a hexagon, and similarly for the outer 3-cube using
Iterations of these provide two copies of the triangular lattice drawn in Figure 4 .2.
Every vertex on the lower triangular lattice in Figure 4 .2 can be calculated from the four initial conditions ω,ω,ω,ω, using the three quad equations (4.3a)-(4.3c). (Verticesω,ω andω are calculated using (4.3a), (4.3b) and (4.3c) respectively.) Equation (4.5) provides a link between the upper and lower triangular lattices. In this way, we find that the iteration in the ○ direction (or k direction) provides layers of triangular lattices. See Figure  (4.2) .
Without the (1,1,1)-periodic condition, the H3 system cannot be embedded into the layered triangular lattice which has affine Weyl symmetry W (A 2 + A 1 )
(1) , which we call here (A 2 + A 1 ) (1) lattice. So the system provided above is a reduction of the H3 system on a 4-cube. To show that the reduced 4-cube system is indeed q-Painlevé system on A (1) (1) lattice define:
and find their shifts in the¯direction, i.e.,f =ω ω ,ḡ = λω ω. Forω, we use (4.3b), shifted one step in¯and one step inˆ, along with the periodic condition (4.2). Forω, we shift (4.3a) one step in¯. These providê
Thus we haveḡ
where we have let t = qα γ, a = γ β (4.9) and t is the independent variable of the q-Painlevé equation and a is a parameter. The system (4.8) is the q-discrete third Painlevé equation (q-P III ) [16] . The triangular lattices in Figure 4 .2 also provide a direct way of constructing the Bäcklund transformations of system (4.8). For translation in the ○ direction for g and f we have Using (4.5), (4.10), and (4.4a) we have: 11) which describe the Bäcklund transformation of f and g.
4.
1. (2,1) staircase reduction. We now explain how different types of staircases taken on a two-dimensional square lattice (previously studied in the literature [15] ) are actually sub-cases of the geometric reduction on the n-cube. We demonstrate this by investigating the only sub-case of the reduction considered in the previous section. Let l = n, α = γ, (i.e.,¯=˜) then the (1,1,1)-periodicityω = ω becomes the (2,1)-periodicityω
(4.12) System (4.3a)-(4.4c) reduces to one equation, i.e. Equation (4.3a) with the conditionᾱ α =β β = q 2 . Using the same definition (4.6) for f and g, and (4.9) for t and a, we findḡ The resulting equation is the symmetric version of q-P III (4.8), usually referred to as q-P II .
Conclusion
In this paper, we provided a new method of geometric reduction that relates ABS equations to discrete Painlevé equations. We constructed a qPainlevé equation from an asymmetric system based on the H3 equation on a 4-cube and also provided the reduction to its symmetric form as a subcase. Bäcklund transformations of the discrete Painlevé equation arise as a natural by-product of our construction. Obtaining other structures related to integrability, such as Lax pairs, is also possible and will be reported in a separate paper. An interesting future direction is to extend our method to other types of discrete Painlevé equations classified by Sakai [16] . This will be the subject of future work. Here, the action of W (A
2 ) = ⟨s 0 , s 1 , s 2 , π⟩ and that of W (A
1 ) = ⟨w 0 , w 1 , r⟩ commute. Full details of how to construct this affine Weyl group from the ω-lattice can be found in [11] , with the identification ω = ω 0 . Here we point out how this construction can be related to the triangular lattice shown in 
2 ) and T 4 is a translation of W (A (1) 1 ). We connect these generators to the triangular lattice in 
2 )
